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LIFTABLE GROUPS, NEGLIGIBLE COHOMOLOGY AND HEISENBERG
REPRESENTATIONS
CHANDRASHEKHAR B. KHARE AND MICHAEL LARSEN
Abstract. We consider lifting of mod p representations to mod p2 representations in the
setting of representations of (i) finite groups; (ii) absolute Galois groups of abstract fields;
and (iii) absolute Galois groups of local and global fields.
1. Introduction
For any field L, denote by Ls a separable closure of L, and let GL = Gal(L
s/L) denote the
absolute Galois group of L. In [Kha97] it was proved that for any field L, any continuous
homomorphism ρ : GL → GL2(k) with k a finite field lifts to GL2(W2(k)). This was originally
proved (cf. [Kha97, Theorem 1]) with the assumption that L is a number field, and Serre
pointed out at the time [Kha97, Remark 2, pg. 392] that the argument uses only Kummer
theory, and thus being purely algebraic, actually works for all fields L (see Proposition 3.3).
The motivation for [Kha97] was Serre’s modularity conjecture [Ser87] which implies that
irreducible odd representations ρ¯ : GQ → GL2(k) lift to geometric representations in char-
acteristic 0 (see §A). We recall that ρ is called odd if det(ρ(c)) = −1 where c ∈ GQ is a
complex conjugation. A continuous representation ρ : GK → GLn(Qp) for a number field K
is said to be geometric if it is unramified outside a finite set of primes, and is de Rham at
all places of K above p.
Lifting methods have been greatly developed over number fields following:
– a method of Ramakrishna [Ram02] which uses methods of algebraic number theory
(duality theorems for Galois cohomology and the Chebotarev density theorem ),
– and another method in [KW09a] (which uses the modularity lifting technique of Wiles
[Wil95] and its developments).
(We discuss this further in Appendix A, where we give references to later developments
of these methods.) The latter method was instrumental in the proof of Serre’s modularity
conjecture in [KW09b]. Both these techniques have in common that they use local-global
methods and are more sophisticated than the method used to get mod p2 liftings constructed
in [Kha97].
The mod p2 lifting result of [Kha97] for 2-dimensional mod p representations raises the
question if lifting Galois representations works in generality for n-dimensional representations
over abstract fields. The local-global methods of loc. cit. do not cut any ice here, and if
one seeks to generalize the mod p2 lifting result of [Kha97] one has to devise arguments
which work with results available over all fields like Hilbert 90/Kummer theory (as used in
[Kha97]). We note that lifting mod p2 of n-dimensional mod p representations of GL has
been explored in [Boe03] in the context of L a local or global field, and more recently in the
preprint [FdC18] for general fields L.
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1.1. Questions. This paper considers mod p2 lifting questions for finite groups, then Galois
groups of abstract fields, and then in the number theoretic case of local and global fields.
We study a liftability property for groups G. Namely G is said to be L (resp. Lp) or (p-)
liftable, if any homomorphism f : G→ GLn(k) with k a finite field (of characteristic p) lifts
to GLn(W2(k)).
Question 1.1. Are all absolute Galois groups of fields liftable?
The only result we know towards this question are lifting results for homomorphisms
f : GL → GLn(k) for n ≤ 2 (Proposition 3.3).
By a classical result of Artin and Schreier, the only finite groups which are absolute Galois
groups are G = 1,Z/2Z, and these are liftable. In the context of Question 1.1 above, N.
Fakhruddin asked if one can characterize finite groups G that are L.
Question 1.2. (Fakhruddin) Which finite groups G are liftable?
We tentatively make the following guesses.
Guess 1.3. If G is a finite group whose order is divisible by a prime p > 3, then G is not
Lp, and hence not L. A 3-group G is L3 if and only if G ∼= Z/3Z. A 2-group G is L2 if and
only if it is cyclic.
Guess 1.4. A finite group G is liftable if and only if it is isomorphic to one of Z/2nZ,
Z/3Z× Z/2nZ, or Z/3Z ⋊ Z/2nZ.
Our evidence does not justify upgrading these guesses to conjectures, particularly the
guess characterizing p-groups that are Lp when p ≤ 3 (and especially when p = 2!) seems
open to doubt.
1.2. Structure of the paper. We begin the paper by studying Question 1.2 in §2. The
groups 1,Z/2Z,Z/3Z are liftable, and Z/pZ is not liftable for p > 3 (see Proposition 2.6).
One would expect that for a finite group the property of being liftable is very restrictive.
To our surprise it turns out that Z/2nZ is liftable for all n ≥ 0 (see Proposition 2.7). Hence
any finite group G is liftable whose only Sylow subgroups are cyclic 2-groups and groups of
order dividing 3 (see Proposition 2.2). In particular S3 is liftable.
Guess 1.3 implies Guess 1.4 (see Proposition 2.3), and we prove the guesses when we
restrict to finite abelian groups (see Proposition 2.13). We verify Guess 1.3 for p-groups of
order dividing p4 for p ≥ 5 in Proposition 2.15. The smallest p-groups for which we have
not determined the liftable status are the two non-abelian groups of order 8, and the group
Z/9Z ⋊ Z/3Z of order 27. In §2.5 we explore a certain rigidity property of finite groups G
relative to a homomorphism G→ GLn(k), namely that any lifting of this homomorphism to
GLn(A) implies that pA = 0. In §2 we are thus in the realm of finite group theory.
In §3 we address Question 1.1 by recalling the results of [Kha97] on lifting 2-dimensional
representations, and thus we are still in the realm of algebra, working with Galois groups of
abstract fields. In the 3-dimensional case, under the further assumption that µp2 ⊂ L, we
reduce the problem of lifting representations ρ : GL → GL3(Fp) to GL3(Z/p2Z) (cf. Lemma
5.2 and 5.3) to answering the following question:
Question 1.5. Let x1, x2 ∈ H1(GL, µp) be orthogonal elements under the cup-product map
∪ : H1(GL, µp) × H1(GL, µp) → H1(GL, µ⊗2p ), i.e., x1 ∪ x2 = 0. Do xi lift to elements
x˜i ∈ H1(GL, µp2), such that under the cup-product map ∪ : H1(GL, µp2) × H1(GL, µp2) →
H1(GL, µ
⊗2
p2 ), x˜i ∪ x˜2 = 0?
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Being unable to answer this question in the generality of abstract fields L, in §4 we
transition from abstract fields to local and global fields, and address the above question in
this setting. In §5 we address lifting mod p Heisenberg representations of Galois groups of
such fields (with image the Heisenberg group of order p3 in GL3(Fp)) to a mod p
2 Heisenberg
representation (cf. Definition 5.1) with image in the upper triangular unipotent matrices of
GL3(Z/p
2Z). The main results of §4 are Proposition 4.4, Theorem 4.7.
Theorem A (see Proposition 4.4 and Theorem 4.7). Let L be a local non-archimedean field
or global field, p > 2 a prime, and µp ⊂ L. Let x1, x2 ∈ H1(L, µp) satisfy x1 ∪ x2 = 0.
Then there exist elements x˜1, x˜2 ∈ H1(L, µp2) mapping to x1 and x2 respectively such that
x˜1 ∪ x˜2 = 0.
We deduce from this the following theorem.
Theorem B (See Theorem 5.4). Let L be a local non-archimedean field or a global field,
p > 2 a prime, and assume µp2 ⊂ L.
– Then a representation ρ : GL → GL3(k) with image in the unitriangular matrices of
GL3(Fp) lifts to a mod p
2 representation ρ : GL → GL3(Z/p2Z) which takes values in the
unitriangular matrices of GL3(Z/p
2Z).
– A continuous representation ρ : GL → GL3(Fp) lifts to a representation ρ : GL →
GL3(Z/p
2Z).
Theorem 4.7 answers Question 1.5 in the case of L a local or global field. In the 3-
dimensional case for lifting to mod p2 representations in Theorem 5.4 we take advantage of
the fact that the obstruction to lifting from mod p to mod p2 representations is related to
the cup product lifting property proved in Theorem 4.7.
We observe that mod p2 liftings in the 2-dimensional case are deduced from the surjectivity
of the map H1(L, µp2) → H1(L, µp) that is a generality for all fields (Kummer theory). In
the 3-dimensional case we need the surjectivity of the map H1(L, µp2)→ H1(L, µp) together
with being able to lift mod p Kummer elements x1, x2 to mod p
2 Kummer elements with cup
product that is a specified lift of x1 ∪ x2 to H2(L, µ⊗2p2 ) (cf. Question 1.5).
Our approach is specific to local and global fields as it draws heavily on duality theorems
and the Chebotarev density theorem, but we hope it might still give some hints on how to
address lifting problems as in Question 1.1 (over abstract fields) beyond the 2-dimensional
case. In an appendix §A we raise somewhat more specialized questions of lifting of Galois
representations over number fields.
The paper has its origins in a talk one of us (CBK) gave at the TIFR International
Colloquium on Arithmetic Geometry in January 2020. There we divided the talk into two
parts: “Algebra” and “Number Theory”. The “Algebra” part recalled the results in §3 from
[Kha97] and posed Question 1.1. In the “Number Theory” part we stated some results and
consequences of the methods of [FKP19] and [FKP20]. The organization of the paper reflects
that of the talk, and proceeds from algebra (results about finite groups in §2, abstract Galois
groups in §3) to number theory (results in §4 and §5). The results of §2, §4 and §5 of this
paper are new, and were arrived at in the period April–June 2020 during the pandemic.
As the first named author recounted in his lecture at the conference, he started thinking
about questions related to lifting of Galois representations while he worked at TIFR (for
roughly a decade) upon returning to India after completing his graduate studies in Los
Angeles (at Caltech and UCLA) in 1995. This was motivated by Serre’s conjecture [Ser87]
which implied existence of liftings of odd, irreducible ρ : GQ → GL2(k). The paper [Kha97]
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dates from that period. He went on to sheepishly confess to still thinking about these
questions twenty five years thence. It is our hope that the present paper illustrates that
there are many interesting questions about lifting Galois representations over abstract fields,
and local and global fields, that remain to be answered.
The first named author thanks the organizers of the International Colloquium on Arith-
metic Geometry at TIFR in January 2020 for their invitation to a stimulating and enjoyable
conference (leavened with concerts of Indian classical music and dance, keeping with the
tradition of the International Colloquiums at TIFR!), which led to this paper.
We would like to thank N. Fakhruddin for pointing out Question 1.2 (during the coffee
breaks at the conference) and for stimulating discussions, and G. Bo¨ckle for helpful corre-
spondence. We are especially grateful to J-P. Serre for a lively e-mail correspondence during
the quarantine period in March–May 2020, which has contributed substantially to §2 and §3
of this paper. ML was partially supported by the NSF grant DMS-2001349.
2. Liftable finite groups
2.1. Definition and preliminaries.
Definition 2.1. We say that a (topological) group G is liftable, or has property L, or is L,
if any (continuous) homomorphism f : G→ GLn(k), with n a positive integer and k a finite
field, lifts to a (continuous) homomorphism g : G→ GLn(W2(k)).
We say that a (topological) group G is p-liftable, or has property Lp, or is Lp, if any
(continuous) homomorphism f : G → GLn(k), with n a positive integer and k a finite field
of characteristic p, lifts to a (continuous) homomorphism g : G→ GLn(W2(k)).
Lemma 2.2. A finite group G is Lp if and only if a Sylow p-subgroup of G is Lp.
Proof. A homomorphism f : G→ GLn(k), with n a positive integer and k a finite field, lifts
to a homomorphism g : G→ GLn(W2(k)) if and only if the corresponding obstruction class
αf ∈ H2(G,Mn(k)) vanishes. If P is a Sylow p-subgroup of G, the restriction of αf to P
vanishes if and only if αf = 0. This proves that if P is Lp, then G is Lp.
To prove the converse, let g : P → GLm(k) be a non-liftable homomorphism afforded by a
P -module Vg, a k-vector space of dimension m. Then we assert that the induction Vf of Vg
from P to G, associated to a homomorphism f : G → Aut(Vf) is non-liftable. To see this,
observe that Vf as a P -module has Vg as a direct summand, and the projection of αf |P to
the summand H2(P,End(Vg)) of H
2(P,End(Vf)) is αg and hence non-zero.

Proposition 2.3. Guess 1.3 implies Guess 1.4.
Proof. It is clear that the Sylow subgroups of the three families of groups in Guess 1.4 are
all in {Z/3Z} ∪ {Z/2nZ | n ∈ N}. We claim that these are the only groups for which this
is true. If G is such a group, it must be of order 2n or 3 · 2n. In the first case we are done.
In the second case, let G2 ∼= Z/2nZ and G3 ∼= Z/3Z be Sylow subgroups, and let y be a
generator of G3. The order of the automorphism group of any cyclic 2-group is a power of
2, so y centralizes any 2-group in G which it normalizes. As G2 is of index 3 in G, either it
is normal or it contains a subgroup G′2 which is normal in G and for which G/G
′
2
∼= S3. In
the former case, y normalizes G2, so G ∼= Z/3Z×G2.
We therefore assume that there exists G′2 as above. As y centralizes G
′
2, we have G3×G′2
is an index 2 subgroup of G. Thus, the normalizer of G3 in G has index ≤ 2, which, by the
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third Sylow theorem, implies G3 is normal in G. The conjugation action of G2 on G3 factors
through G2/G
′
2
∼= Z/2Z = Aut(S3), so there is a unique non-direct semidirect product
Z/3Z ⋊ Z/2nZ, and G must be isomorphic to that product.
We conclude the proof by appealing to Proposition 2.2. 
Lemma 2.4. Let G = H ⋊K, and let p be a prime. If K is not Lp, then G is not Lp.
Proof. Let f : K → GLn(k) be a non-liftable homomorphism. Let π : G → K be the quo-
tient map and i : K → G an inclusion homomorphism such that π ◦ i is the identity. The
composition f ◦ π is a homomorphism G → GLn(k). If it has a lift φ : G → GLn(W2(k)),
then the composition φ ◦ i : K → GLn(W2(k)) is a homomorphism. As the diagram
K
i
//
id

❃
❃
❃
❃
❃
❃
❃
❃
G
φ
//
pi

GLn(W2(k))

K
f
// GLn(k)
commutes, it follows that φ ◦ i lifts f , contrary to assumption. 
We remark that Lemma 2.4 includes the case of direct products as well.
Question 2.5. Is it true that every group G that is L has the property that any homomor-
phism f : G → GLn(k) lifts in fact all the way to GLn(W (k))? Is this true when restricted
to finite groups G?
2.2. Liftable cyclic groups.
Proposition 2.6. A cyclic group of prime order p has property L if and only if p ≤ 3.
Proof. The proof that follows is due to Serre.
(1) p = 2: Let k be any field of characteristic 2. Then we claim that every element
x of order 2 of GLn(k) lifts to an element of order 2 of GLn(A), where A is any
commutative ring with a surjective homomorphism A → k. We only have to check
this when k = F2 and x is a Jordan matrix of size n = 2, which we may assume is of
the form (
1 1
0 1
)
.
This lifts to
X =
( −1 1
0 1
)
in GL2(A).
(2) p = 3: Let k be any field of characteristic 3. Then we claim that every element
x of order 3 of GLn(k) lifts to an element of order 3 of GLn(A), where A is any
commutative ring with a surjective homomorphism A → k. We only have to check
this when k = F3 and x is a Jordan matrix of size n = 2 or 3.
• n = 2: Consider the algebra B = A[X ]/(X2 + X + 1) which is free of rank 2
over A, and view multiplication by X an an A-linear endomorphism of B ∼= A2.
We have X2 +X + 1 = 0, hence X3 = 1. The matrix of X is of the form(
0 1
−1 1
)
.
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By reduction mod 3, we have an element of order 3 of GL2(k), hence what we
want.
• n = 3: Consider multiplication by X as an endomorphism of B = A[X ]/(X3−1)
regarded as a free module of rank 3 over A. One has to check that its reduction
mod 3 is a Jordan matrix of size 3. But this means looking at multiplication by
x ∈ k[x]/(x3 − 1), which is the same as k[t]/(t3), and we are done.
(3) p > 3: This is well known, but we reprove it as part of Proposition 2.8 below.

We add to the list of liftable groups.
Proposition 2.7. The group G = Z/2nZ is liftable.
Proof. For odd primes p, the Lp condition is trivial. For the L2-condition, we prove more:
when k is of characteristic 2, every element x of order 2n in GLm(k) lifts to an element
of order 2n in GLm(A) where A is any commutative ring with a surjective homomorphism
A→ k. It suffices to prove this for A = Z. We decompose x into Jordan blocks, all of which
must have eigenvalue 1, and all of which have order dividing 2n. By induction on n, we may
assume that each block is of order 2n, and it suffices to treat the case of a single block, which
means 2n−1 < m ≤ 2n.
The irreducible factors
u− 1, u+ 1, u2 + 1, . . . , u2n−1 + 1
of u2
n − 1 have degrees 1, 1, 2, 4, . . . , 2n−1, and m can be written as a sum of terms in this
sequence. It follows that there exists a polynomial P (u) ∈ Z[u] of degree m which divides
u2
n − 1.
Consider the Z-linear endomorphism given by multiplication by X on the free Z-module
M = Z[X ]/(P (X)). Its mod 2 reduction is given by multiplication by x on F2[x]/(P¯ (x)).
As u2
k
+ 1 ≡ (u− 1)2k (mod 2), it follows that P¯ (x) = (x− 1)m, so multiplication by x has
a single Jordan block with eigenvalue 1.

Proposition 2.8. If p ≥ 3 and n ≥ 2 or p ≥ 5 and n ≥ 1, then Z/pnZ does not have
property Lp.
Proof. Let m = pn−1+1, so a unipotent Jordan block x of size m over Fp has order p
n. Note
that our hypotheses mean that the order is at least 2m+ 1. We claim that no lift X of x to
GLm(Z/p
2Z) has order pn. Indeed, any such X can be written X = I +N + pM , where N
is a nilpotent matrix, so Nm = 0. Therefore,
Xp
n
= I +
p∑
i=1
(
pn
ipn−1
)
(N + pM)ip
n−1
= I +
p−1∑
i=1
(
pn
ipn−1
)
N ip
n−1
+Np
n
+ p
pn−1∑
j=0
N jMNp
n−1−j .
As N j = 0 or Np
n−1−j = 0 for all j, we have
Xp
n
= I + p
p−1∑
i=1
(
pn
ipn−1
)
N ip
n−1
.
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As (x − 1)pn−1 does not lie in the span of the set of higher powers of x − 1 in Mn(Fp), it
follows that Xp
n 6= I. 
2.3. Liftable finite abelian groups. We quote a result from [Ill05].
Proposition 2.9. (Serre) Let k be a field of characteristic p, and A a local ring with residue
field k. Let 1 < n ≤ p, and let G be an abelian subgroup of GLn(k) of type (p, p) such that
for each g ∈ G\{e}, g−1 has kernel of dimension n−1. If G lifts to GLn(A), then pA = 0.
Proposition 2.10. The group Z/pZ × Z/pZ does not have property Lp for any prime p.
More precisely, there are injective homomorphisms f : Z/pZ × Z/pZ → GL2(Fp2), and any
such f does not lift to GL2(W2(Fp2)).
Proof. We just have to observe that for all primes p, there is an injective homomorphism f :
Z/pZ×Z/pZ→ GL2(Fp2) whose image satisfies the conditions of the proposition above. 
Extending Serre’s method in [Ill05], we get the following:
Proposition 2.11. For m,n ≥ 1 integers, Z/2mZ× Z/2nZ does not have property L.
Proof. Without loss of generality, we assume m ≥ n. Let ω ∈ F4 denote an element of order
3. Let x ∈ M2m(F4) denote a Jordan block of size 2m with eigenvalue 0. Let y = ωx2m−n .
The matrices I + x and I + y are of order 2m and 2n respectively, and they commute. We
prove that the representation ρ : Z/2mZ× Z/2nZ→ GL2m(F4) defined by
ρ(i, j) = (I + x)i(I + y)j
does not lift to GL2m(W2(F4)).
Let A = W2(F4). By induction on k ≥ 1, for every commutative A-algebra B and every
finite sequence b1, . . . , br ∈ B,
(2.1) (b1 + · · ·+ br)2k =
r∑
i=1
b2
k
i + 2
∑
1≤i<j≤r
b2
k−1
i b
2k−1
j .
Suppose X, Y ∈M2m(A) lie over x and y respectively so that (I+X)2m = I, (I+Y )2n = I,
and X and Y commute. Let B := A[X ] denote the A-subring of M2m(A) generated by X .
We have (I +X)2
m
= I, so by (2.1),
(2.2) X2
m
= −2X2m−1 = 2X2m−1 .
Therefore, X2
m+1
= 4X2
m
= 0, so X is a nilpotent element of B. In particular, B is a local
ring with residue field F4.
As aB-module, theM2m(A)-moduleA
2m is free of rank 1. Indeed, asX acts on (A/2A)2
m
=
F2
m
4 as a nilpotent matrix with a single Jordan block, there exists v ∈ A2m which reduces to
a cyclic vector in F2
m
4 . For any such v, Nakayama’s lemma implies {v,Xv, . . . , X2m−1v} is
a basis for A2
m
as A-module, so {v} is a basis for the B-module structure. It follows that
the centralizer of X in M2m(A) consists of polynomials in X with coefficients in A. We can
therefore write
Y =
∑
i
aiX
i.
By (2.1),
I = (I + Y )2
n
= I +
∑
i
a2
n
i X
i2n + 2
∑
i
a2
n−1
i X
i2n−1 + 2
∑
i<j
a2
n−1
i a
2n−1
j X
(i+j)2n−1 .
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Let k = m − n. The mod 2 reduction of Y is y = ωx2k , so ai ∈ 2A for i < 2k, while a2k
reduces to ω mod 2, so a2
n
2k + a
2n−1
2k is a unit u ∈ A. By (2.2),
0 =
∑
i≥2k
a2
n
i X
i2n + 2
∑
i≥2k
a2
n−1
i X
i2n−1 + 2
∑
2k≤i<j
a2
n−1
i a
2n−1
j X
(i+j)2n−1
=
∑
i≥2k
a2
n
i X
i2n +
∑
i≥2k
a2
n−1
i X
(i+2k)2n−1
≡ (a2n2k + a2n−12k )X2m ≡ uX2m (mod X2m+1).
As X is nilpotent, this implies X2
m
= 0. By (2.2), X2
m−1 ∈ 2M2m(A), which is impossible
since its mod 2 reduction x2
m−1
is non-zero.

Remark 2.12. Let R = W (F4)[
√
2]. The representation ρ : Z/4Z × Z/2Z → GL4(F4) of
Proposition 2.11 lifts to R/(2
√
2). To see this, we use Proposition 2.7 to find X ∈ GL4(R)
such that (I +X)4 = I and X reduces to a single nilpotent Jordan block over F4. Thus,
X4 ≡ 2X2 (mod 2
√
2).
Setting
Y =
√
2X + ζ3X
2,
clearly I +X and I + Y commute, and Y reduces to ωx2 in M4(F4), where ω denotes the
reduction of ζ3. Squaring I + Y , we obtain
(I + Y )2 = I + 2X2 + ζ23X
4 + 2
√
2X + 2ζ3X
2 + 2
√
2ζ3X
3
≡ I + 2X2 + ζ23X4 + 2ζ3X2
≡ I + 2(1 + ζ22 + ζ3)X2 ≡ I (mod 2
√
2).
Our results so far lead to a classification of liftable finite abelian groups.
Proposition 2.13. A finite abelian group is L if and only if it is cyclic of order 2n or order
3 · 2n for some non-negative integer n.
Proof. It suffices to prove that the abelian p-groups which are L are exactly the cyclic groups
of order 2n and 3. In the positive direction, this follows from Propositions 2.6 and 2.7. In
the negative direction, it follows from the direct product case of Lemma 2.4, together with
the basic cases in Propositions 2.6, 2.8, 2.10, and 2.11.

2.4. p-groups. In this section, we show that as predicted by Conjecture 1.3, various p-groups
G of order |G| ≤ p4 fail to be Lp.
Lemma 2.14. The Heisenberg group G of order 27 is not L3.
Proof. Vasiu [Vas03, 4.4.3] proves that SL3(F3) → GL3(F3) does not lift to GL3(Z/9Z) by
proving that already the Heisenberg group does not lift. 
Proposition 2.15. If p ≥ 5, no p-group of order ≤ p4 is Lp.
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Proof. The abelian case has already been treated. The two non-abelian groups of order p3
are both semidirect products, so Proposition 2.4 applies: Z/p2Z⋊Z/pZ, and the Heisenberg
group (Z/pZ)2 ⋊ Z/pZ. The two groups of order p4 which are products of Z/pZ and a non-
commutative group of order p3 likewise follow. The remaining eight non-commutative groups
G of order p4 are all semidirect products as well. Using the presentations and numbering in
Burnside’s book [Bur11, §117], we give the normal subgroup H such that G ∼= H ⋊ (G/H):
(vi) 〈P 3〉⊳ 〈P,Q | P p3, Qp, [P,Q] = P p2〉
(vii) 〈P,Q〉⊳ 〈P,Q,R | P q2 , Qp, Rp, [P,Q], [P,R], [Q,R] = P p〉
(viii) 〈P 〉⊳ 〈P,Q | P p2, Qp2, [P,Q] = P p〉
(x) 〈P,Q〉⊳ 〈P,Q,R | P p2, Qp, Rp, [P,Q], [Q,R], [P,R] = Q〉
(xi)–(xiii) 〈P,Q〉⊳ 〈P,Q,R | P p2, Qp, Rp | [P,Q] = P p, [P,R] = Q,R−1QR = P αpQ〉
(xv) 〈P,Q,R〉⊳〈P,Q,R, S | P p, Qp, Rp, Sp, [P,Q], [P,R], [Q,R], [P, S], [R, S] = Q, [Q, S] =
P 〉

Remark 2.16. The smallest p-groups for which we do not know whether Lp holds are the
two non-abelian groups of order 8, and the group Z/9Z ⋊ Z/3Z of order 27.
2.5. Strong rigidity for finite groups. As Serre suggested to us, one could look at a
stronger rigidity property of a finite subgroup G of GLn(k) (char(k) = p), than just not
lifting to GLn(W2(k)).
We say that a map G → GLn(k) is rigid if for any local Artinian ring A with residue
field k such that G lifts to GLn(A), we have that pA = 0. Proposition 2.9 gives examples
of rigid embeddings of G = Z/pZ×Z/pZ in GLn(k). However, Remark 2.12 shows that the
embedding of Z/4Z × Z/2Z given in Proposition 2.11 is not rigid. If pA = 0, then k →֒ A,
and we call the resulting lift of G to GLn(A) the trivial, or constant, lift. If G→ GLn(k) has
the further property that if it lifts to GLn(A), then pA = 0 and the lift is conjugate to the
trivial lift, then we say that G→ GLn(k) is strongly rigid. Note that rigidity of G→ GLn(k)
is a relative property of G with respect to a homomorphism G→ GLn(k), while the liftable
property L depends only on the group G.
Let Ad be the G-module Mn(k) under conjugation action of G.
Proposition 2.17. The following are equivalent:
• G→ GLn(k) satisfies the two properties:
(1) G→ GLn(k) does not lift to GLn(W2(k));
(2) H1(G,Ad) = 0.
• The embedding G →֒ GLn(k) is strongly rigid.
Proof. Assume G→ GLn(k) satisfies properties (1) and (2), and can can be lifted to GLn(A)
with (A,m) a local Artinian ring with residue field k. We want to show that pA = 0. We may
assume pm = 0. We have a lifting of G to GLn(A). This gives a lifting of G to GLn(A/pA).
On the other hand, we have the trivial (constant) lifting of G to GLn(A/pA) since A/pA
contains k. Since
H1(G,Mn(m/pA)) ∼= H1(G,Mn(k))dimk m/pA = 0,
the two liftings are conjugate, so we may identify them.
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As p2 = 0 in A, the universal property for Witt rings gives a homomorphism i : W2(k)→ A.
If αW2(k) ∈ H2(G,Mn(pW2(k)) and αA ∈ H2(G,Mn(pA)) denote, respectively, the ob-
struction to lifting G → GLn(k) to GLn(W2(k)) and G → GLn(A/pA) to GLn(A), then
αW2(k) 7→ αA under the map
H2(G,Ad) = H2(G,Mn(pW2(k))→ H2(G,Mn(pA)) = H2(G,Ad)⊗k (pA).
This map is given by the identity onH2(G,Ad) tensored with the restriction of i to pW2(k) ∼=
k. Since αW2(k) 6= 0 and αA = 0, it follows that i(pW2(k)) = 0, so i(p) = p = 0 in A, so
pA = 0. We deduce that G→ GLn(k) is strongly rigid. The converse direction is easy. 
Remark 2.18.
• If G ⊂ GLn(k) acts absolutely irreducibly on kn, the deformations of G to local
W (k)-algebras A with residue field k is representable by a localW (k)-algebra R with
residue field k. The fact that H1(G,Ad) = 0, implies that the Zariski mod p tangent
space m/(m2, p) = 0, with m the maximal ideal of R, and thus that R is a quotient
of W (k). If G does not lift to W2(k) we further get that R = k.
• The rigid example of G = Z/pZ×Z/pZ →֒ GLn(k) of Proposition 2.9 is not strongly
rigid, in fact H1(G,Ad) 6= 0 as we prove below.
Lemma 2.19. If k is a field of characteristic p, G a finite p-group that is not cyclic, and
V is a finite-dimensional k[G]-module on which some element g ∈ G acts on V as a single
Jordan block, then H1(G, V ) 6= 0.
Proof. Let hi(G, V ) = dimkH
i(G, V ) for a k[G]-module V . The case of V of dimension 1
over k is easy, so we assume that dimk(V ) > 1. Under our hypothesis for any non-zero k[G]-
submodule or k[G]-quotient moduleW of V , h0(G,W ) = 1. If we let V1 = V
G, then V1 is one-
dimensional. Let V2 = V/V1, and use the cohomology sequence for 0 → V1 → V → V2 → 0.
We get:
0→ k → k → k → H1(G, k)→ H1(G, V ).
As G is not cyclic h1(G, k) ≥ 2, so h1(G, V ) ≥ 1. 
The following corollary responds to a question Serre asked us: when does SLn(k) →֒
GLn(k) have the property that if there is a lift of SLn(k) to GLn(A) for a local ring A with
residue field k then pA = 0?
Corollary 2.20. For n > 1, and for finite fields k of characteristic p with (p, n) = 1,
SLn(k) →֒ GLn(k) is strongly rigid except when:
(i) n = 2 and |k| ≤ 5;
(ii) n = 3 and |k| ≤ 3.
Proof. We need to verify when SLn(k) →֒ GLn(k) satisfies properties 1 and 2 of Proposition
2.17.
An exercise in [Ser98, IV-27] asserts that for p ≥ 5 and n ≥ 2, the only closed subgroup of
SLn(Zp) mapping onto SLn(Fp) is the full group. This implies that SLn(Z/p
2Z) → SLn(Fp)
does not split. As SLn(Fp) is perfect, the composition of any homomorphism SLn(Fp) →
GLn(Z/p
2Z) with the determinant map must be trivial, and it follows that the embedding
SLn(Fp)→ GLn(Fp) does not lift to SLn(Fp)→ GLn(Z/p2Z). In fact, for n ≥ 2, it is known
[Vas03, Theorem 1.3] that SLn(k) does not lift to SLn(W2(k)) (or, therefore to GLn(W2(k)))
except when n = 2, |k| = 2, 3 and n = 3, |k| = 2.
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Regarding property 2, assuming p does not divide n, Ad decomposes as a direct sum
k ⊕ (Ad /k). As SLn(k) is perfect, H1(SLn(k), k) = 0. A theorem of Cline, Parshall, and
Scott [CPS75, Table (4.5)] asserts that if p does not divide n, then H1(SLn(k),Ad /k) = 0 if
|k| ≥ 7 or n ≥ 3 and |k| ≥ 4. The cases |k| = 2 and |k| = 3 are covered by [JP76, Tables B
and C].

3. Two dimensional representations and negligible classes
Lur’e [Le90] in 1990 introduced the following property of cohomology classes in H i(G,M)
for finite groups G and finite G-modules M that was further studied by Serre in his Colle`ge
de France course 1990–91 [Ser00, pp. 212–222, pp. 435–442].
Definition 3.1. Given a finite group G and a finite G-module M , we say that a class α ∈
H i(G,M) is negligible if for any field L with absolute Galois group GL, and any continuous
map f : GL → G, f ∗(α) = 0.
We begin by remarking that the lifting question Question 1.1 for representations ρ : GL →
GLn(k), when k is a finite field of characteristic p and L has characteristic p, is easily
answered in the positive by the following lemma.
Lemma 3.2. If L is a field of characteristic p, and k is a finite field of characteristic p,
then for any k[GL]-module M , with M a k-vector space of finite dimension, H
2(L,M) = 0.
Proof. This is a standard consequence of Artin-Schreier theory, see [Boe03, Theorem 1.7]. 
The following result is proved using the method of [Kha97, Theorem 1] (see also [FdC18,
Theorem 6.1]).
Proposition 3.3. If L is a field and GL its absolute Galois group, for any field k of char-
acteristic p, and any ring R with a surjective map R → k and p2R = 0, a continuous
homomorphism f : GL → GL2(k) lifts to a continuous homomorphism g : GL → GL2(R).
Proof. We may restrict by Lemma 3.2 to the case where L has characteristic different from
p = char(k). The obstruction to lifting is a class α ∈ H2(GL,Ad, with GL acting upon
Ad = M2(k) by composing f with the adjoint representation of GL2(k). As the restriction
map H2(GL,Ad) → H2(GM ,Ad) is injective, for M a finite extension of L of degree prime
to p, we may assume:
• L contains a primitive pth root of unity, as (p, [L(µp) : L]) = 1;
• the image of f is a non-trivial p-subgroup of GL2(k), of type (p, . . . , p) as the Sylow
p-subgroup of GL2(k) is of type (p, . . . , p), and contained in the unipotent matrices{(
1 ∗
0 1
) ∣∣∣ ∗ ∈ k}
of GL2(k).
By Kummer theory the splitting field of f is given by L1 = L(x
1
p
i ) for some xi, i = 1, . . . , r
that are independent in L×/(L×)
p
. We construct the extension L2 = L(µp2, x
1
p2
i ) and a
homomorphism
g : Gal(L(µp2, x
1
p2
i )/L)→ N =
{(
α β
0 1
) ∣∣∣ α ∈ 〈1 + p〉, β ∈ R} ≤ GL2(R),
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such that for σ ∈ Gal(L(µp2, x
1
p2
i )/L), g(σ) =
(
ǫ(σ) ∗
0 1
)
, with ǫ : GL → (Z/p2Z)∗ the
mod p2 cyclotomic character, that lifts f .
For this note that Gal(L(µp2, x
1
p2
i )/L) is isomorphic to a subgroup of either the semidirect
product of (Z/p2Z)r by the order p subgroup of (Z/p2Z)
∗
with the diagonal action if µp2 6⊂ L,
or (Z/p2Z)r otherwise. This allows us to construct g : GL → N which reduces mod p to f .

Remark 3.4.
• It’s not clear how to construct g given f . When f is surjective, the de´vissage used
in the proof constructs explicitly a mod p2 reducible lift g′, coming from Kummer
theory, of the restriction of f to the subgroup GK = f
−1(P ) of GL where P is a
Sylow p-subgroup of im(f). The restriction of the lift g to GK is typically not g
′:
for instance this is not the case when when k = Fp and p > 3 and the image of f
contains SL2(Z/pZ), as the image of g then contains SL2(Z/p
2Z).
• In the case when L is a global field, any lift to GL2(W2(k)) might be forced to be
ramified at more places than the residual representation. Thus it seems unlikely that
Galois groups of maximal extensions of L unramified outside a fixed finite set of
places are liftable.
Corollary 3.5. Let k be a finite field. The exact sequence
0→ M2(k)→ GL2(W2(k))→ GL2(k)→ 0
gives rise to a class αGL2(k) ∈ H2(GL2(k),M2(k)), with the action of GL2(k) on M2(k) given
by conjugation. Furthermore αGL2(k) 6= 0 for |k| > 3, but f ∗(αGL2(k)) = 0 in H2(GL,M2(k))
for any field L and any homomorphism f : GL → GL2(k). Thus αGL2(k) is negligible.
This naturally leads to the question which is a reformulation of Question 1.1:
Question 3.6. Let k be a finite field. The exact sequence
0→Mn(k)→ GLn(W2(k))→ GLn(k)→ 0
gives rise to a class αGLn(k) ∈ H2(GLn(k),Mn(k)), with the action of GLn(k) on Mn(k) given
by conjugation. Is αGLn(k) negligible in Galois cohomology for all n ≥ 1?
We may even ask if every representation f : GL → GLn(k) lifts to GLn(W (k)). The n = 1
case is trivial; we do not know the answer for n ≥ 2. We can produce characteristic 0 liftings
for 2-dimensional reducible mod p representation by the same method as in the proof of
Proposition 3.3.
Proposition 3.7. If L is a field and GL its absolute Galois group, for any field k of char-
acteristic p, and any W (k)-algebra R with a surjective map R → k, a continuous reducible
representation f : GL → GL2(k) lifts to a continuous representation g : GL → GL2(R).
Proof. The basic principle that the proof relies on is the surjectivity of the mapsH1(L, µpn)→
H1(L, µpm) for all positive integers 1 ≤ m ≤ n, which follows from Kummer theory. We refer
to [Kha97, Theorem 2, pg. 393] and its proof for further details.

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4. Cup products over local and global fields
We address Question 1.5 in the number theoretic case of number fields and local non-
archimedean fields which are their completions. Proposition 4.4 and Theorem 4.7 answer it
in the case of local and global fields. For us this is an essential ingredient for the results in §5
about lifting mod p Heisenberg representations to twisted mod p2 Heisenberg representations
over number fields and non-archimedean local fields of characteristic zero.
4.1. General fields. The exact sequence
0→ µ⊗np i→ µ⊗np2
pi→ µ⊗np → 0,
gives rise to the (twisted) Bockstein long exact sequence:
(4.1) . . .→ Hk(L, µ⊗np )
ik,n−→ Hk(L, µ⊗np2 )
pik,n−→ Hk(L, µ⊗np )
dk,n−→ . . . ,
where the subscripts of i, π, and d will usually be suppressed when they are clear from
context. We denote by δ : L× → H1(L, µp) the composition of the quotient map L× →
L×/L×
p
and the Kummer isomorphism L×/L×
p → H1(L, µp).
Let p be a fixed prime.
Lemma 4.1. If L is any field, the map π : H1(L, µp2) → H1(L, µp) is surjective, and its
image is pH1(L, µp2).
Proof. Via Kummer theory, i1,1 and π1,1 can be identified with the pth power map L
×/L×
p →
L×/L×
p2
and the reduction map L×/L×
p2 → L×/L×p. The latter is obviously surjective with
kernel L×
p
/L×
p2
= pH1(L, µp2). 
We say that a field L has Property D if for all y1, y2 ∈ H1(L, µp2) such that π(y1)∪π(y2) = 0
but π(y1) and π(y2) are not both zero, there exist z1, z2 ∈ H1(L, µp) such that
(4.2) i(π(y1) ∪ z1 + π(y2 ∪ z2)) = y1 ∪ y2.
Lemma 4.2. If L has Property D and x1, x2 ∈ H1(L, µp) satisfy x1 ∪ x2 = 0, then there
exist x˜1, x˜2 ∈ H1(L, µp2) such that π(x˜i) = xi for i = 1, 2 and
x˜1 ∪ x˜2 = 0.
Proof. If x1 = x2 = 0, we are done, so we assume at least one xi is non-zero. By Lemma 4.1,
there exist y1, y2 ∈ H1(L, µp2) mapping to x1 and x2 respectively. Thus
π(y1 ∪ y2) = π(y1) ∪ π(y2) = x1 ∪ x2 = 0.
By Property D, there exist classes z1, z2 satisfying (4.2). For all z ∈ H1(L, µp) there exists
w ∈ H1(L, µp2) such that π(w) = z, and it follows that for all y ∈ H1(Lµp2),
(4.3) y ∪ i(z) = y ∪ i(π(w)) = y ∪ pw = p(y ∪ w) = i(π(y ∪ w)) = i(π(y) ∪ z).
By Lemma 4.1,
(4.4) i(z1) ∪ i(z2) ∈ p2H2(L, µ⊗2p ) = 0.
Therefore, defining x˜1 := y1 + i(z2) and x˜2 := y2 − i(z1), we have π(x˜i) = π(yi) = xi and
x˜1 ∪ x˜2 = y1 ∪ y2 + i(z2) ∪ y2 − y1 ∪ i(z1)− i(z2) ∪ i(z1)
= y1 ∪ y2 − y2 ∪ i(z2)− y1 ∪ i(z1)
= y1 ∪ y2 − i(π(y1) ∪ z1 + π(y2) ∪ z2) = 0
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by (4.4), (4.3), and (4.2). 
We are grateful to G. Bo¨ckle for pointing out part (4) in the following lemma to us.
Lemma 4.3. Let L be a number field or a non-archimedean local field of characteristic zero,
and let p > 2 be prime. Then:
(1) We have an exact sequence H2(L, µ⊗2p ) → H2(L, µ⊗2p2 ) → H2(L, µ⊗2p ) → 0; in partic-
ular π : H2(L, µ⊗2p2 ) → H2(L, µ⊗2p ) is surjective. If µp2 ⊂ L then we have an exact
sequence 0→ H2(L, µ⊗2p )→ H2(L, µ⊗2p2 )→ H2(L, µ⊗2p )→ 0.
(2) The kernel of the π-map H2(L, µ⊗2p2 )→ H2(L, µ⊗2p ) is pH2(L, µ⊗2p2 ).
(3) When L is local and µp ⊂ L, the cup product map
∪ : H1(L, µp)×H1(L, µp)→ H2(L, µ⊗2p )
is identified with Tate’s perfect duality pairing
H1(L, µp)×H1(L, µp)→ H2(L, µp) = Z/pZ.
(4) When L is local and µp ⊂ L, then i : H2(L, µ⊗2p ) → H2(L, µ⊗2p2 ) is injective if and
only if µp2 ⊂ L; otherwise it is the zero map.
Proof. The first sentence of part (1) follows from (4.1) and the fact that for the fields L we
consider the p-cohomological dimension of L is ≤ 2. When µp2 ⊂ L, we can identify µp2 and
µ⊗2p2 , and the second sentence follows from Lemma 4.1.
For part (2), we have the obvious inclusion pH2(L, µ⊗2p2 ) ⊂ ker π. As iπ is multiplication by
p, the surjectivity of π : H2(L, µ⊗2p2 ) → H2(L, µ⊗2p ) from part (1) implies that this inclusion
is an equality.
Part (3) is standard.
For part (4), fixing a trivialization of µp gives an isomorphism from H
2(L, µ⊗2p ) to Brp(L),
which is canonically identified with Z/pZ, so the map i : H2(L, µ⊗2p )→ H2(L, µ⊗2p2 ) is either
injective or zero. Injectivity is equivalent to the surjectivity of the dual map, which by local
duality is
H0(L, µ⊗−1p2 )→ H0(L, µ⊗−1p ).
As µp ⊂ L, the right hand term is identified with Z/pZ by our choice of generator of µp.
The left hand term is identified with Z/p2Z or pZ/p2Z depending on whether µp2 is or is not
contained in L, which gives the claim.

4.2. Local fields.
Proposition 4.4. Let L be a non-archimedean local field of characteristic zero and p > 2
a prime such that µp ⊂ L. Then any x1, x2 ∈ H1(L, µp) with x1 ∪ x2 = 0 lift to elements
x˜i ∈ H1(L, µp2) such that x˜1 ∪ x˜2 = 0.
Proof. By Lemma 4.2, it suffices to prove that L has Property D. Let xi = π(y2). Without loss
of generality, we may assume x1 6= 0. We have y1∪ y2 ∈ ker π, so there exists t ∈ H2(L, µ⊗2p )
such that y1∪ y2 = i(t). By Lemma 4.3 (3), there exists z1 such that x1∪ z1 = t, and setting
z2 = 0, equation (4.2) holds. 
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4.3. Number fields. We start with a couple of preliminary results. The following lemma
is used in Proposition 4.6 and Theorem 4.7.
Lemma 4.5. Let p > 2 be prime, and let L be any local field of residue characteristic ℓ 6= p
which contains µp but not µp2. Then d := d1,2 : H
1(L, µ⊗2p ) → H2(L, µ⊗2p ) is surjective, and
its kernel consists of all classes of the form δa, where a is any element of L of valuation 0.
Proof. By Lemma 4.3 (4), i = 0, so d is surjective. By Kummer theory, H1(L, µp) ∼= L×⊗Fp.
We can write L× as a product of Z, the multiplicative group of the residue field k of L, and
a pro-ℓ group. By hypothesis, k× contains any element of order p, but by Hensel’s lemma
and the hypothesis µp2 6⊂ L, it cannot contain an elements of order p2. Thus, k× ⊗ Fp ∼= Fp,
and L× ⊗ Fp ∼= F2p. As H2(L, µp) ∼= Brp(L) ∼= Fp, the kernel of i is 1-dimensional.
The multiplicative group of valuation 0 elements of L maps to a 1-dimensional subspace
of L× ⊗ Fp. The image of this subspace consists of classes represented by 1-cocycles which
factor through Zˆ and therefore lift to cocycles with values in µ⊗2p2 . These classes therefore lie
in ker d.

Proposition 4.6. Let L be a number field, p > 2 a prime, and µp ⊂ L. Let x1, x2 ∈
H1(L, µp). Suppose that t ∈ H2(L, µ⊗2p ) has the property that (x1)v = (x2)v = 0 implies
i(t)v = 0. Then there exists t
′ ∈ H2(L, µ⊗2p ) such that i(t′) = i(t), and for all v such that
(x1)v = (x2)v = 0 and µp2 6⊂ Lv, we have t′v = 0.
Proof. Let {u1, . . . , uk} denote the valuations of L with uj(p) > 0 and µp2 6⊂ Luj . By
Lemma 4.3 (4), d = d1,2 : H
1(Luj , µp) → H2(Luj , µp) is surjective. By weak approximation,
there exists b ∈ L× such that (dδb)uj = −tuj for j = 1, . . . , k. Replacing t by t + dδb, we
have tuj = 0 and i(t) is unchanged. We may therefore assume that tuj = 0.
Let {v1, . . . , vl} denote the support of t. If there does not exist j such that (x1)vj =
(x2)vj = 0, then we are done, so without loss of generality, we assume that j = 1 has this
property. We claim that there exist w1, . . . , wm with the following properties:
(1) For each j ∈ [1, m], either (x1)wj or (x2)wj is non-zero
(2) There exists an element b ∈ L× such that dδb is supported exactly on {v1, w1, . . . , wm}.
(3) The element b in (2) can be taken to be congruent to 1 modulo a high enough power
of p to guarantee that (δb)w = 0 for all w such that w(p) > 0.
Assuming this is true, we can replace t by t + dδbr for some r ∈ {1, 2, . . . , p − 1} such
that t is supported on {v2, . . . , vl, w1, . . . , wm}. This gives an element of H2(L, µ⊗2p ) whose
support has a smaller set of valuations for which x1 and x2 both have zero component than
t does. The proposition then follows by induction on the number of such valuations.
To prove the claim, let O denote the ring of integers in L and p denote the prime ideal
corresponding to v1. We are looking for an element b ∈ O congruent to 1 modulo a suitable
power pk, with the property that (b) = p
∏
j q
cj
j , where each valuation wj corresponding to
a qj satisfies wj(p) = 0 and wj 6∈ {v1, . . . , vl}; moreover, either (x1)wj 6= 0 or (x2)wj 6= 0
for each wj. This can be done provided that the prime ideals corresponding to valuations
satisfying these conditions generate the ray class group Hpk of fractional ideals prime to p
modulo principal fractional ideals with generators which are 1 mod pk. However, if x1 6= 0
then the Chebotarev density of primes q such that x
1/p
1 ∈ Lq is 1 − 1p ≥ 23 , so the set of
images of the corresponding Frobenius elements in Hpk contains at least
2|H
pk
|
3
elements and
therefore generates Hpk .
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
Theorem 4.7. Let L be a number field, p > 2 a prime, and µp ⊂ L. Let x1, x2 ∈ H1(L, µp)
satisfy x1 ∪ x2 = 0. Then there exist elements x˜1, x˜2 ∈ H1(L, µp2) mapping by π to x1 and
x2 respectively such that x˜1 ∪ x˜2 = 0.
Proof. It suffices to prove that L has Property D.
We fix once and for all a generator of µp and use it to identify H
2(L, µ⊗2p ) with H
2(L, µp) =
Brp(L). We set xj := π(yj) and choose aj ∈ L× so that δaj = xj . We choose t ∈ H2(L, µ⊗2p )
such that y1∪y2 = i(t). Observe that (x1)v = (x2)v = 0 implies by (4.4) i(t)v = (y1)v∪(y2)v =
0. By Proposition 4.6, we may assume without loss of generality that (x1)v = (x2)v = 0
implies tv = 0.
We write (a, b) for δa∪δb. Our goal is to represent t as (a1, b1)+(a2, b2) for some b1, b2 ∈ L×,
so we can freely replace t by any class of the form t+(a1, b) or t+(a2, b). By the perfectness
of the local mod p Tate pairing and weak approximation, this means we can assume that for
every valuation v in the support of t, v(a1) = v(a2) = v(p) = 0.
Let {v1, ..., vn} denote the support of t. By Hasse’s theorem, we may assume n ≥ 2. We
claim that we can replace t by a class which does not include v1 or v2 in its support and is
supported at no more than one additional valuation v0. We suppose first that a1 is a non-pth
power in both Lv1 and Lv2 . We are looking for b with the following properties:
(1) (a1, b)v1 = −tv1
(2) (a1, b)v2 = −tv2
(3) vi(b− 1) > 0 for i ≥ 3.
(4) b is congruent to 1 modulo a sufficiently high power pk, so (a1, b)w = 0 for all w such
that w(p) > 0.
To achieve these goals, we look for an element b in the ring O of integers of L satisfying
the congruence (3). In addition, we want the principal ideal (b) to factor as pk11 p
k2
2 q, where
pi is the prime ideal of O associated to vi, q is any prime ideal not among the pi, and k1, k2
are positive integers determined mod p by conditions (1) and (2) respectively. Note that
because v(a1) = v(a2) = 0, the symbols (a1, b)vi for i = 1, 2 depend only on v(b) and of
course the image of a1 in the residue fields of p1 and p2 respectively. By conditions (3) and
(4), (a1, b)vi = 0 for i ≥ 3 and (a1, b)w = 0 for every w such that w(p) > 0. Thus (a1, b)v 6= 0
implies v = v1, v = v2, or v = v0 is associated to q. Thus, t + (a1, b) is supported only at
v3, . . . , vn and possibly v0.
To show that b exists, we use the Chinese remainder theorem to find an element
b0 ∈ (pk11 \ pk1+11 ) ∩ (pk22 \ pk2+12 ) ∩ (1 + (pk)) ∩
n⋂
i=3
(1 + pi).
Let
a = pkpk1+11 p
k2+1
2 p3 · · · pn.
We claim that there exists b ∈ b0 + a such that (b) = pk11 pk22 q, with q prime. Indeed, the
condition on a prime ideal q which is prime to a that pk11 p
k2
2 q is a principal ideal with a
generator b satisfying conditions (3) and (4) is a non-empty condition in the ray class group
of a, so by the Chebotarev density theorem applied to the ray class field of a, there are
infinitely many possible prime ideals q.
If b exists, we replace t with t + (a1, b) and reduce the size of its support, so we win by
induction on n. This argument assumes that a1 fails to be a pth power in Lvi for two distinct
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values i. By the same reasoning, we succeed if a2 fails to be a pth power in Lvi for two
distinct values of i. Since a1 and a2 cannot both be pth powers in Lvi for any i, the only
remaining possibility is that n = 2 and (possibly renumbering) ai is a pth power in Lvi but
not in Lv3−i for i = 1, 2. In this case, a1a2 fails to be a pth power in both Lv1 and Lv2 , and
we look for b as above but with a1 replaced by a1a2 in conditions (1)–(3).
We conclude that t can be written x1∪δb1+x2∪δb2. Applying i to both sides, the theorem
follows.

Remark 4.8. The proof simplifies if we assume that µp2 ⊂ L, in particular in that case we
do not need Lemma 4.6, and as in the local case of Proposition 4.4 we could then work with
mod p cohomology to prove Theorem 4.7, rather than with the images of the maps i and π
that relate mod p and mod p2 cohomology.
5. Three dimensional Heisenberg representations
5.1. Generalities over abstract fields. Let χ denote the p-adic cyclotomic character. Let
R be a Zp-algebra. We assume that p > 2 and the fields L we consider in this section have
µp2 ⊂ L. Thus µ⊗np2 = Z/p2Z as a GL-module for all n ∈ Z.
Definition 5.1. For R any Zp-algebra we define a (R-valued) Heisenberg representation to
be a continuous homomorphism ρ : GL → GL3(R) which takes values in the unitriangular
matrices: for σ ∈ GL, ρ(σ) is of the form
1 ∗ ∗0 1 ∗
0 0 1


where χ : GL → Z×p is the p-adic cyclotomic character.
We consider Question 1.1 for 3-dimensional representations ρ : GL → GL3(Fp). Does such
a representation lift to GL3(Z/p
2Z)? We easily reduce to the case the image is a p-group,
and a subgroup of the unitriangular matrices of GL3(Fp), and thus of order dividing p
3.
When the image is of order dividing p2, using Kummer theory as in proof of Proposition 3.3
we can lift ρ to a representation with values in the unitriangular matrices of GL3(Z/p
2Z).
We consider the case when ρ : GL → GL3(Fp) is a Heisenberg representation of order p3.
The splitting field K of ρ over L has a subextension K ′/L with Galois group Z/pZ×Z/pZ,
and thus K ′ = L(x
1/p
i ) for i = 1, 2 with xi ∈ L×/(L×)p. We can also think of xi as elements
in H1(L, µp).
Lemma 5.2.
(1) Under the cup product map H1(L, µp)×H1(L, µp)→ H2(L, µ⊗2p ), x1 ∪ x2 = 0.
(2) The conjugacy classes of lifts of the homomorphism GL → Z/p×Z/p, induced by the
representation ρ to H, to mod p Heisenberg representations are in the bijection with
H1(L, µ⊗2p ).
Proof. To see part (1), observe that the Heisenberg group H of order p3 sits in an exact
sequence
0→ Z/pZ→ H → Z/pZ× Z/pZ→ 0.
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The class in H2(Z/pZ× Z/pZ,Z/pZ) of this extension is in the one dimensional image of
H1(Z/pZ,Z/pZ)×H1(Z/pZ,Z/pZ) → H2(Z/pZ× Z/pZ,Z/pZ).
Thus the fact that the extension K ′ = L(x
1/p
i ) of L with Galois group Z/pZ×Z/pZ embeds
in some K with Gal(K/L) = H is equivalent to x1 ∪ x2 = 0, under the cup product map
H1(L, µp)×H1(L, µp)→ H2(L, µ⊗2p ),
Part (2) is standard. 
Lemma 5.3. The existence of a mod p2 Heisenberg representation that reduces mod p to ρ
is equivalent to the existence of elements x˜i ∈ H1(L, µp2) lifting xi such that under the cup
product map H1(L, µp2)×H1(L, µp2)→ H2(L, µ⊗2p2 ),
x˜1 ∪ x˜2 = 0.
Proof. The reduction mod pmapH1(GL, µp2)→ H1(GL, µp) is surjective by Kummer theory.
Thus the xi’s indeed lift to mod p
2 Kummer classes. If the lifts can be chosen to have cup
product zero, then the homomorphism GL → (Z/p2Z × Z/p2Z) ⋊ Z/pZ (resp. GL →
Z/p2Z× Z/p2Z if the µp2 ⊂ L) arising from Gal(L(µp2 , x˜1/p
2
i )/L) lifts to a Heisenberg mod
p2 representation ρ′. The converse is also true. Further the lifts of GL → (Z/p2Z×Z/p2Z)⋊
Z/pZ to twisted Heisenberg mod p2 representations differ by elements of H1(L, µ⊗2p2 ) =
H1(L, µp2).
The reduction mod p of ρ′ will differ from ρ by a class in x ∈ H1(L, µp). Using the
surjectivity of the map H1(GL, µp2) → H1(GL, µp), we see that we can modify ρ′ by an
element x˜ ∈ H1(L, µp2) which reduces to x, to get a (conjugacy class of) Heisenberg mod p2
representation ρ that reduces to ρ. 
Theorem 5.4. Let L be a non-archimedean field of characteristic 0 or a number field and
assume µp2 ⊂ L. Then:
Then:
(1) A mod p Heisenberg representation ρ : GL → GL3(Fp) lifts to a mod p2 Heisenberg
representation.
(2) Let ρ : GL → GL3(Fp) be a homomorphism with p > 2. Then ρ lifts to ρ : GL →
GL3(Z/p
2Z).
Proof. Part (1) follows from combining Proposition 4.4, Theorem 4.7 and Lemma 5.3. For (2)
note that the obstruction α to lifting ρ to a GL3(Z/p
2Z) representation lies inH2(GL,M3(Fp)).
We want to prove that α = 0. Let K be the extension of L fixed by inverse image under ρ
of the Sylow p-subgroup of its image. Then if α 6= 0, its image α′ under the restriction map
H2(GL,M3(Fp)) → H2(GK(µp),M3(Fp)) is non-zero. But by part (1) we know that ρ|GK(µp)
lifts to a mod p2 twisted Heisenberg representation. Thus α′ = 0. 
Remark 5.5. We have left open the question of lifting ρ : GL → GL3(k) to a representation
to GL3(W2(k)), for L a local or global field and k is a field of characteristic p, outside the
case k is the prime field and µp2 ⊂ L. We hope to return to the general case in a future
work.
Appendix A. Geometric lifts of mod p representations over number fields
The lifting methods specific to number fields F produce lifts of odd representations ρ¯ :
GF → G(k) with G a reductive group over a finite field k to characteristic 0 geometric
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representations ρ : GF → G(O) with O the ring of integers of a finite extension of Qp (see
[FKP19, Definition 1.2] for the definition of odd ρ which in particular implies that F is a
CM field). There are two distinct methods, as recalled in the introduction, to produce such
geometric lifts (cf. [Ram02] and [KW09a]) which were first developed there in the particular
case of odd irreducible representations ρ : GQ → GL2(k). The papers [HR08], [Pat16],
[FKP19] and [FKP20] generalize R. Ramakrishna’s method in [Ram02], and [BLGGT14]
generalizes the method of [KW09a]. The innovation of [KLR05] plays a key role in [HR08],
[FKP19] and [FKP20] to handle cases when the representation has small image (for eg.
when G = GL2, the “doubling method” of [KLR05] plays a key role in [HR08] to produce
irreducible geometric lifts of odd, reducible representations ρ : GQ → GL2(k)).
These methods lift ρ¯ to characteristic 0 representations with control on the local ramifica-
tion behavior of the lifts (at all primes in the method of [KW09a], while in the Ramakrishna
method one has to generally allow extra ramification at finite sets of primes chosen to kill
certain dual Selmer groups). Thus this goes beyond the mod p2 lifting produced by Kummer
theory in [Kha97].
In spite of the differences in the methods of [Ram02] and [KW09a], they both rely
on certain numerics which obtain for odd Galois representations ( “dimension of Selmer”
h1f (S,Ad(ρ)) ≥ h1f (S,Ad(ρ)∗) “dimension of dual Selmer”) that guarantee an appropriate
deformation ring has positive dimension. When these numerics fail one’s bearings are lost
and the question if there exist geometric lifts of residual representations ρ : GK → G(k)
is as yet mysterious. To hazard a guess for the class of ρ which have geometric lifts we
consider the class of representations ρ which are “regular at infinity” which is broader than
the class of odd representations of [FKP19, Definition 1.2]. This notion has been considered
previously as the property of being GL-odd in [Cal].
Definition A.1. We say that ρ : GK → GLn(k) is regular at infinity if for each real place of
v, for the conjugacy class cv in GK of complex conjugation at v, the characteristic polynomial
of ρ(cv) which is of the form (X − 1)nv,+(X +1)nv,−, has the property that |nv,+− nv,−| ≤ 1.
(For the case of k of characteristic 2, we interprete this to mean that there is no condition.)
Conjecture A.2. Let K be a number field and k a finite field of characteristic p. A con-
tinuous representation ρ : GK → GLn(k) that is regular at infinity lifts to an irreducible
geometric representation ρ : GK → GLn(O) with O the ring of integers of a finite extension
of Qp.
The condition that ρ is regular at infinity is a reasonable necessary condition to impose
for it to have geometric lifts in the light of [Cal12, Theorem 5.1] and [LHC16, Theorem 1.1].
We could be bolder and make the stronger conjecture that ρ : GK → GLn(k) has a geometric
lift that is regular at all places above p (i.e., distinct Hodge-Tate weights for all places above
p) if and only ρ is regular at infinity. (Note that we have not assumed that ρ is irreducible
as we believe that not to be necessary, cf. [HR08] and [FKP20].)
The question is accessible for n = 1 (trivially), and for n = 2 when K is a totally real field
(results of [Ram02], [KW09a], [HR08] and [FKP20]). Beyond these cases the conjecture for
representations ρ that are regular at infinity, but not odd in the sense of [FKP19, Definition
1.2], seems to us inaccessible at the moment.
One cannot expect there to be “minimal lifts” (with the best possible ramification be-
havior roughly speaking, see [KW09a, §3]) in this generality, unlike the case of odd Galois
representations in which case such minimal lifts are produced by the method of [KW09a].
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This seems to make the question harder, as geometric lifts of ρ that are regular at infinity
but not odd, even if they were to exist, would have a sporadic character, making searching
for a geometric lift of such ρ like looking for a needle in a haystack.
Arguably the simplest case in which the conjecture is open is for representations ρ :
GK → GL2(k) when K is an imaginary quadratic field, like K = Q(i): note that these
representations are regular at infinity (as is any representation ρ : GK → GLn(k) if K
has no real place). We also note that while the existence of geometric lifts in these cases
seems presently out of reach, lifting ρ to a representation ρ : GK → GL2(O) which is not
necessarily geometric is possible by the “doubling method” of [KLR05]. The method of
[KLR05] overcomes the numerical disadvantage, h1f(S,Ad(ρ)) < h
1
f(S,Ad(ρ)
∗), one is at if
one restricts to producing geometric lifts that are unramified outside a finite set of primes S,
by means of allowing either ramification at infinitely many primes, or dropping the condition
on the lifts of being de Rham at primes above p.
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